In this paper, we introduce various theorems that associate the generalized RiemannLiouville fractional integral operator and the generalized Weyl fractional integral operator with some well-known integral transforms including generalized Laplace transform, Widder potential transform, generalized Widder transform, Hankel transform and Bessel transform. We evaluate certain integrals of some elementary functions and some special functions as applications of these theorems and their results.
Introduction
The name fractional calculus is used for integrals and derivatives of arbitrary order. The idea of the fractional calculus first arises in the 17 th century and rapidly improves from that day on. In the last two decades, in addition to theoretical development, fractional integrals and derivatives are widely used in applied science and engineering studies such as viscoelastic systems, signal processing, control processing, fractional stochastic systems, and ecology [10] [11] [12] .
Unlike the classical calculus, there are various definitions of fractional order integrals and fractional order derivatives. In this paper, we give place to two of the main definitions of fractional integrals which are Riemann-Liouville fractional integral and Weyl fractional integral. Also, we define two new fractional integrals motivated from these definitions and we present some new identities that include fractional integrals, fractional derivatives and some integral transforms such as Laplace transform, L 2 transform, Widder potential transform and Bessel transform.
Preliminaries
Before giving the main results, we introduce some definitions about fractional integrals, fractional derivatives and integral transforms.
Definition 2.1. Weyl fractional integral operator of order µ is defined in the form
where y ≥ 0, µ ∈ C and Re(µ) > 0 [11] .
Definition 2.2. Riemann-Liouville fractional integral operator of order µ is defined in the form
where y ≥ 0 and, µ ∈ C and Re(µ) > 0 [11, 14] .
In the following, we introduce two new fractional integrals namely the generalized Weyl fractional integral and the generalized Riemann-Liouville fractional integral. Definition 2.3. The generalized Weyl fractional integral can be defined as follows:
where y ≥ 0 and, µ ∈ C and Re(µ) > 0.
Definition 2.4.
The generalized Riemann-Liouville fractional integral is defined as follows:
where y ≥ 0, µ ∈ C and Re(µ) > 0.
In the definitions (2.1) − (2.4), Γ(z) is the Gamma Euler function given by the following integral,
where z ∈ C and Re(z) > 0.
Definition 2.5. Weyl fractional derivative of order α is defined by the formula 6) where n ∈ N, α ∈ C, Re(α) > 0 and n − 1 < Re(α) ≤ n [11] .
Definition 2.6. Riemann-Liouville fractional derivative of order α is defined by the formula
where n ∈ N, α ∈ C, Re(α) > 0 and n − 1 < Re(α) ≤ n [11] .
In the formulas (2.6) and (2.7), fractional derivatives are defined by means of fractional integral operators. Definition 2.7. The Laplace transform of f (x) is defined by the following formula [1] ,
(2.8)
is defined by the following formula [14, 15] ,
The L 2 transform and the Laplace transform are related by the equation [3] ,
Definition 2.9. The Widder Potential transform of f (x) is defined by [13] ,
Definition 2.10. The Stieltjes integral transform is defined by [1, 8] ,
The Widder Potential transform and the Stieltjes transform are related by the following relation [7] ,
Definition 2.11. The 2n-Generalized Widder potential transform of f (x) is defined by [2, 3] ,
(2.14)
The P 4 transform, which is the special case of 2n-Generalized Widder potential transform that appears with the choice of n = 2, and the Steiltjes transform are related by the following relation [6] ,
Definition 2.12. The generalized Widder potential transform of f (x) is defined by [5] ,
(2.16)
The Widder potential transform is the special case of generalized Widder potential transform that appears with the choice of ν = 1. Definition 2.13. The Hankel transform of f (x) is defined by [4] ,
where J v (x) is the Bessel function of the first kind that has the following series representation,
, where Re(ν) > −(n + 1). (2.18) Definition 2.14. The Bessel transform of f (x) is defined by the identity [4] ,
where K v (x) is the modified Bessel function of the second kind and defined as
in which I ν (x) is the modified Bessel function of the first kind and defined by the series representation
, where Re(ν) > −(n + 1 
Identities on generalized fractional integrals and the L 2 transform
By the following lemma, we give a relation between the generalized Weyl fractional integral and the generalized Laplace transform.
Lemma 3.1. If Re(µ) > 0 for µ ∈ C, the following identity holds true, provided that the integrals involved converge absolutely,
Proof. By definitions (2.3) and (2.9), we have
By making the change of variable u 2 − y 2 = t 2 in (3.2), we get that
Then, by changing the order of integration that is permissible by absolute convergence of the integrals involved, we get
Applying the relation (2.10) and using the equation (1) of [7, p. 137] , we obtain
; y which proves the statement.
Next theorem gives a Parseval-Goldstein type relation between the L 2 transform and the generalized Riemann-Liouville fractional integral defined by (2.4).
Theorem 3.2.
If Re(µ) > 0 for µ ∈ C, the following Parseval-Goldstein type relation holds true, provided that the integrals involved converge absolutely,
Proof. By the definition (2.4), we have
By changing the order of integration that is permissible under the absolute convergence assumption, we obtain
Then, by using the definition (2.3) and Lemma (3.1), we get
which proves the statement.
Theorem 3.3. The following Parseval-Goldstein type relation holds true, provided that each of the integrals involved converge absolutely,
Proof. By setting µ = 1 and g(u) = sin(2uy) in (3.3), we obtain
Now, by the relation (2.10) and the relation (32) of [7, p. 153], we have
Likewise, by the relation (2.10) and the relation (34) of [7, p. 154], we have
Then, by substituting (3.7) and (3.8) in (3.6), we get
Finally, by making change of variable t = 1/u on the left hand side of equation above and using the definition (2.9), we obtain
as desired.
Example 3.4. Following equation holds true under the conditions of Theorem (3.3),
Proof. By choosing f (x) = x −ν−1 in Theorem (3.3), we get
Now, by using the definitions (2.4) and (2.9) on the left hand side of the equation (3.10), we get
Then, by using the relation (2.10) and the equation (1) 
and by making change of variable x = yt −1 on the right hand side of the equation (3.10), we get √ π 2y
From the equations (3.11) and (3.12) we have,
An Identity on Fractional Integrals and The 2n-Generalized Widder Potential Transform
Theorem 4.1. If Re(t 2 ) > |Im(y 2 )|, then the identity
holds true, provided that each of the integrals involved converges absolutely.
Proof. By choosing µ = 1 and g(u) = sin(u 2 y 2 ) in the equation (3.3) , we obtain
Now, by the relation (2.10) and the formula (1) of [7, p. 150], we have
Likewise, by using the relation (2.10) and the equation (16) 
By substituting (4.3) and (4.4) in (4.2) and using definition (2.14), we get 
Proof. If we choose f (x) = x ν−1 on the left hand side of equation (4.1), we get
Then, by using the definitions (2.4) and (2.14) respectively, we obtain
and by using the identity (2.15) and the equation (5) of [8, p .216], we get
Finally, by substituting (4.7) in equation (4.1), we obtain
Identities for Various Integral Transforms and Fractional Integrals
Lemma 5.1. If Re(µ) < 1, Re(t 2 ) > −Re(s 2 ) and Re(x 2 ) > −Re(s 2 ), then the identity
Proof. By choosing g(u)
Now by (2.10) and the relation (1) of [7, p. 143], we have
Likewise, by (2.10) and the relation (3) of [7, p. 144], we have
By substituting results (5.3) and (5.4) into the equation (5.2), we get
Then, the equation (5.1) can be shown directly by using the definitions (2.11), (2.16) and the relation (5.5) . 
xf (x)P 1−µ,2 {g(u); x} dx holds true, provided that each of the integrals involved converges absolutely.
Proof. Firstly, if we apply the definition (2.11) on the left-hand side of equation (5.6) and then change the order of integration under the absolute convergence condition, we obtain
On the other hand, we have the following relation by Lemma (5.1),
The relation (5.6) is a direct consequence of equations (5.7) and (5.8).
Corollary 5.3. The following equation holds true under the conditions of Theorem
where Re(µ) < 1 and E 1 (x) is the exponential integral function which is defined by the following identity [15] ,
Proof. If we choose f (x) = e −x 2 y 2 in the equation (5.6), we get 
by using the definition (2.9) and the relation (5.12). 
Proof. If we choose f (x) = x −1 e −x 2 y 2 in the equation (5. Now, by substituting the equation (5.14) in the equation (5.6) and using the relation (2.9), we obtain π 2 
